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1 Introduction 

A classical theorem of Liouville says: 

u G C^, Am = and m > in M" imply that u = constant. (1) 

The Laplacian operator A is invariant under rigid motions: For any function u on 
M" and for any rigid motion T : — M", 

A(moT) = (Am) oT. 

T is called a rigid motion if Tx = Ox + b for some n x n orthogonal matrix O and 
some vector 6 G M". 

It is clear that a linear second order partial differential operator 

Lu := aij{x)uij + bi{x)ui + c{x)u 
*Partially supported by NSF grant DMS-0401118 and DMS-0701545. 
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is invariant under rigid motion, i.e. 

L{uoT) — (Lu) o T for any function u and any rigid motion T, 

if and only if L = oA + c for some constants a and c. 

Instead of rigid motions, we look at Mobius transformations of M" U {00} and 

nonlinear operators which are invariant under Mobius transformations. A map (p : 
R^Ujoo} R^Ujoo} is called a Mobius transformation, if it is a composition of a 
finitely many of the following three types of transformations: 



A translation : x ^ x + x, where x is a given point in R", 
A dilation : x — > ax, where a is a positive number. 



A Kelvin transformation : x ^ ^ 

For a function u on M", let 

:= \ Jip\ 2" [u o ip) 

where J^p denotes the Jacobian of (p. 

Let H{x, s,p, M) be a smooth function in its variables, where s > 0, a;,p G and 
M e 5"X"^ the set olnxn real symmetric matrices. We say that a second order fully 
nonlinear operator Vu, V'^u) is conformally invariant if 

u^, Vm^, V\^) = H{-, u, Vu, V\) o ip 

holds for all positive smooth functions u and all Mobius transformations (p. 
For a positive function u, set 

n-2 (n-2)2 (n - 2)^ ' ' 
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= wV w - r, -^^ with w = "-2, (2) 

where / denotes the n x n identity matrix. 

Let </? be a Mobius transformation, then for some nxn orthogonal matrix functions 
0{x) (i.e. 0{x)0{xy — /), depending on (p, 

A'^ix) = 0{x)A''{ip{x))0\x). 

Thus it is clear that /(A(A")) is a conformally invariant operator for all symmetric 
functions /, where X{A^) denotes the eigenvalues of A^. 
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It was proved in [17] that an operator ti, Vti, V^ti) is conformally invariant if 
and only if it is of the form 

H{;u,Vu,V'u) = f{X{A-)), 

where /(A) is some symmetric function in A = (Ai, • • • , A„). Due to the above charac- 
terizing conformal invariance property, the operator Ay^ is called the conformal Hessian 
of w. 

Taking /(A) = cri(A) := Ai + • — h A„, we have a simple expression: 

a,{X{A-)) = '^u-^^Au. (3) 

In general, /(A(A")) is a fully nonlinear operator, and is rather complex even for 
/(A) = (Jjfc(A), /c > 3, where 

^fc(A) := ^ Ail • • • \k 

l<ji<---<jfc<n 

is the A;— th elementary symmetric function. The expression for U2 is still quite pleasant: 

a2(A(A")) = \ (<7i(A(A"))2 - (A-)*^-) . 

Let 

r C be an open convex symmetric cone with vertex at the origin (4) 
satisfying 

n 

r„ := {A I Ai > 0, 1 < i < n} C r C {A I ^ Ai > 0} =: Ti. (5) 

i=l 

Naturally, F being symmetric means that (Ai, • • • , A„) e F implies (Ajj, • • • , Aj„) e F 
for any permutation (ii, ■■■,«„) of (1, ■ ■ ■ , n). 

For 1 < A; < n, let F^ be the connected component of {A G M" | o'fe(A) > 0} 
containing the positive cone F„. It is known, see for instance [2], that F^ satisfies (4) 
and (5). In fact 

F, = {AeR" I ai(A),---,afe(A) >0}. 
Let Q be an open subset of M", we consider 

A(^") e dV in n, (6) 
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or 

A(A^) G dV in n. (7) 
It is easy to see that in dimension n > 3 

A" = Aw for any positive C function w and u — w^^. (8) 

Equations (6) and (7) are fully nonlinear second order degenerate elliptic equations. 
Fully nonlinear second order elliptic equations with A(V^m) in such general F were first 
studied by Caffarelli, Nirenberg and Spruck in [2]. 

Equations (6) and (7) have obvious meaning if u and w are functions. If they arc 
in Cl^{Q), the equations are naturally understood to be satisfied almost everywhere. 
We give the notion of viscosity solutions of (6) and (7). 

Definition 1.1 A positive continuous function w in Vt is a viscosity supersolution 
[resp. subsolution] of (7) when the following holds: ifxo & fl, ip & C'^{fl), {w — ip){xo) — 
and w — ifi >0 near xq then 

KM^o)) e \ F. 

[resp. if {w — 'f ){xo) = and w — (f < near Xq then \{A^{xo)) e T]. 

We say that w is a viscosity solution of (7) if it is both a supersolution and a 
subsolution. 

Similarly, wc have 

Definition 1.1'. A positive continuous function u in an open subset VL of^, n > 3, 
is a viscosity subsolution [resp. supersolution] of 

A(A") e dV in fl, (9) 

when the following holds: if xo & ^, (p & C^(Q), {u — (p){xo) — and u — (p < near 
Xq then 

XiA^^ixo)) e M'^ \ F. 

[resp. if {u — 'p){xq) — and u — (p > near xq then \{A'^{xo)) e F/. 

We say that u is a viscosity solution of (9) if it is both a supersolution and a 
subsolution. 

Remark 1.1 In dimension n > 3, a positive continuous function u is a viscosity 

2 

subsolution (supersolution) of (9) if and only if w :— u "-2 is a viscosity supersolution 
(subsolution) of (7). This is clear in view of (8). 
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Remark 1.2 Viscosity solutions of (7) are invariant under conformal transformations 
and multiplication by positive constants. Namely, ifw is a viscosity supersolution (sub- 
solution) of (7) then, for any constants 6, A > and for any x e K", bw is a viscosity 
supersolution (subsolution) of (7), ^{y) :— ^w{x-\-by) is a viscosity supersolution (sub- 
solution) ofX{A^) e dr in {y \ x + by e ft}, and r]{y) := {^^^^Yw{x + ^^i^) is a 
viscosity supersolution (subsolution) of X{Ajj) & dV in {y \ x -\- ^\yl~^^ £ 

One of the two main theorems in this paper is the foUowing LiouviUe theorem for 
positive locally Lipschitz viscosity solutions of 

X{AJ e dV in M". (10) 

Theorem 1.1 For n > 3, let F satisfy (4) and (5), and let w be a positive locally 
Lipschitz viscosity solution of (10). Then w = w(0) in M". 

Remark 1.3 Forn = 2, F = Fi, the conclusion does not hold. Indeed w = e^^ satisfies 
X{Ayj) e dVi. In fact, A(yl^) G dTi is equivalent to Alogw = in dimension n = 2. 

Theorem 1 . 1 can be viewed as a nonlinear extension of the classical Liouville theo- 
rem (1). Indeed, in view of (3), Liouville theorem (1) is equivalent to 

u e C^, A(A") e dVi and it > in M" imply that u = constant. 

Such Liouville theorem was proved by Chang, Gursky and Yang in [4] for u G C/j^, 
F = F2 and n = 4; by Aobing Li in [16] for u G C^^l, F = F2 and n = 3; independently 
by Aobing Li in [16] and by Sheng, Trudinger and Wang in [29] for rt G C^, F = F^, 
k < n, n > 3. By entirely different methods we estabhshed in [24] the following 
theorems. 

Consider 

/ G C\T) n CO(r) is symmetric in A^, (11) 
/ is homogeneous of degree 1, (12) 
df 

/ > 0, /a, := ^ > in F, /|ar = 0, (13) 

n 

fx. >S, in F for some 5 > 0. (14) 

i=l 

Examples of such (/, F) include those given by elementary symmetric functions: 

1 

For 1 < A; < n, (/, F) = (cr^, F^) satisfies all the above properties; see for instance [2]. 
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Theorem A ([24, vl]) For n > 3, let (/, T) satisfy (4), (5), (11) and (13), and let u 
he a positive C]^ solution of 

/(A(>1")) = 0, in K". (15) 

Then u = u(0) in M". 

Theorem B ([24, final]) Forn > 3, let (/, T) satisfy (4), (5), (11) and (13), and let 
u he a positive locally Lipschitz weak solution of (15). Then u = m(0) in M". 

Throughout this paper, by a weak solution of (15) we mean in the sense of definition 
1.1 in [24], with F{M) := f{X{M)) and [/ := {M | A(M) e T}. Our proof of Theorem 
1.1 is along the line of [24], which makes use of ideas developed in [20] and [23] in 
treating the isolated singularity of m at oo. 

Remark 1.4 Let (/, F) satisfy (4), (5), 

f e C°(r) is symmetric in Aj, / > in F, /|r = 0, 

/(A + /x)>/(A) VAeF,//eF„, 
and let fl be an open subset o/M". If u is a Ci^^ solution of 

/(A(A")) = m Q, (16) 

then it is a weak solution of (16). The proof is standard in view of lemma 3. 7 in [24]. 
If u is a weak solution of (16), then it is clearly a viscosity solution of (9). 

The motivation of our study of such Liouville properties of entire solutions of 
A(A") G dT is to answer the following questions concerning local gradient estimates 
of solutions to general second order conformally invariant fully nonlinear elliptic equa- 
tions. 

Let B2 C M" be a ball of radius 3 and centered at the origin. 

Question A Let n > 3, (/, F) satisfy (4), (5), (11)-(14). For constants < 6 < 00 
and < h <1, let u e C^iB^) satisfy 

/(A(A")) ^h, 0<u<b, A(^") e F, in S3. (17) 

Is it true that 

|VlogM| <C in Bi 
for some constant C depending only on b and (/, F) ? 
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Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3. We 
use io and Rijki to denote respectively the injectivity radius and the curvature tensor. 
Consider the Schouten tensor 

where RiCg and Rg denote respectively the Ricci tensor and the scalar curvature. We 
use X{Ag) — {Xi{Ag), • • • , Xn{Ag)) to denote the eigenvalues of Ag with respect to g. 

4 

Let g — u^^g be a conformal change of metrics, then, see for example [34], 

A^ = '^u-W\ + -^^u-^Vu ®Vu- u-^\Vu\''g + Ag, 

n — 2 [n — 2Y [n — 2y 

where covariant derivatives on the right-hand side are with respect to g. 

4 

For gi — u^-'^gfiat, with gfiat denoting the Euclidean metric on K", 

where A" is defined in (2). In this case, X{Ag-J = A(A"). 
A more general question on Riemannian manifolds is 

Question B Let g be a smooth Riemannian metric on C M"", 'n. > 3, (/, F) satisfy 
(4), (5), (11)-(14)- For a positive number b and a positive function h e C^lB^), let 

4 

u e C^{Bs) satisfy, with g :— u^^g, 

f{X{A-g)) = h, 0<u<b, X{Ag) e F, in B^. (18) 

Is it true that 

||VlogM||3<C inBi (19) 
for some constant C depending only on b,g, i|/i||ci(S3) '^"^ (/> T) ? 

For (/, F) = (cr^*,Ffc), the local gradient estimate (19) on Riemannian manifolds 

was established by Guan and Wang in [12]; sec a related work [4] of Chang, Cursky 

1 

and Yang where global apriori and estimates for / = (T2 and n = 4 were derived. 
Efforts of achieving further generality were made in [17], [13], [29] and [11]. On locally 
conformally flat manifolds, "semi-local" gradient estimates were established, and used, 
in [17] and [20] for (/, F) satisfying (4), (5), (11) and (13) via the method of moving 
spheres (or planes). A consequence of the "semi- local" gradient estimates is, see also 
lemma 0.5 and its proof in [19], 

Theorem C Under an additional assumption u > a > in B3, the answer to Question 
A is "Yes", but with the constant C depending also on a. 
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Remark 1.5 In Theorem C, assumption (12) and (14) are not needed. 

Equations (17) and (18) are fully nonlinear elliptic equations of u. Extensive studies 
have been given to fully nonlinear equations involving /(A(V^'u)) by Caffarelli, Niren- 
berg and Spruck [2], Guan and Spruck [10], Trudinger [30], Trudinger and Wang [32], 
and many others. 

Fully nonlinear equations involving f{X{VgU + g)) on Riemannian manifolds are 
studied by Li [21], Urbas [33], and others. Fully nonlinear equations on Riemannian 
manifolds involving the Schouten tensor have been studied by Viaclovsky in [35] and 
[36], by Chang, Gursky and Yang in [4] and [3], and by many others; see for example 
[5], [22], [31], [37], and the references therein. Here we study, on Riemannian manifolds 
{M,g), local gradient estimates to solutions of 

)) = ^(^ ^ ) e r. (20) 

If we make an additional concavity assumption 

/ e C^(r) n C'^(r) is symmetric in Aj, and is concave in F, (21) 

then we have the following corollary of Theorem A and the proof of (1.39) in [17]. 

Theorem 1.2 Let {M,g) be as above and let (/, F) satisfy (4), (5), (12), (13) and 

(21). For a geodesic hall B^j. in M of radius 3r < |io, let u he a positive solution 
of (20) in Bsr- Then 

\\V{logu)\\g<C in Br, (22) 

where C is some positive constant depending only on (/, F), upper hounds of 1/io, 
sup^g^ M, ||/?^||c2(S9,.) o,iT'd a bound of Rijki together with their covariant derivatives up 
to second order. 

It has been observed independently by Wang in [38] that Theorem 1.2 follows from 
Theorem A. The theorem is proved by Chen in [6] using a different method. It is well 

known, see e.g. [2] , that (/, F) — (cr^ , F^) satisfies the hypotheses of the theorem. 

Remark 1.6 It is easy to see from Section 3 that Theorem 1.2 holds under slightly 
weaker hypotheses on (/, F); Assuming that it satisfies (4), (5), (13), (21), 

lim mf^/(sA) = oo for any compact subset K ofV, (23) 

and 

inf f |A| ^/a,(A)) > 5, for some 6 > 0. (24) 
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The second main result in this paper is 

Theorem 1.3 Let {M,g) be as above and let {f,T) satisfy (4), (5), (11)-(14). For 
a geodesic ball Bq^ in M of radius 9r < ^io, let u be a C"^ positive solution of (20) 
in Bgr- Then (22) holds, where C is some positive constant depending only on (f,^), 
upper bounds ofl/io, sup^^^ ||/i||ci(S9^) O'lT'd a bound of Rij^i together with their first 
covariant derivatives. 

Remark 1.7 If {f,T) satisfies (4), (5), (11)-(13), and f is concave in T, then (14) 
is automatically satisfied; see [33]. Thus Theorem 1.3 implies Theorem 1.2. The main 
point of Theorem 1.3 is that no concavity assumption is made on f. 

Remark 1.8 Replacing the function h in (20) by h{-,u) with s'^h{x,s) G C^^Bq^ x 
(0, oo)) n L°°{BQr X (0, b)) for all b > 1, estimate (22) still holds, with the constant C 
depending also on the function h. This is easy to see form the proof of the theorem. 

Remark 1.9 Once (22) is established, it follows from the proof of (1.39) in [17], under 
the hypotheses of Theorem 1.2, that 

\\V%\ogu)\\g<C in Br, 

where C is some positive constant depending only on an upper bound of l/io, sup^^^ u, 
supBg^ llVwIlg, ||^||c2(B9r) O'lT'd a bound of Rijki together with their covariant derivatives 
up to second order. 

A subtlety of the local gradient estimate (22) is that the bound depends on an 
upper bound of u, but not on upper bounds of u~^. Global estimates of | Vm| allowing 
the dependence of an upper bound of both u and was given by Viaclovsky in [36]; 
see a related work [21]. One application of the local gradient estimate is for a rescaled 
sequence of solutions in the following situation: For solutions {ui} of (20) in a unit ball 
Bi satisfying, for some constant 6 > independent of i, 

supwj < bui{0) — > oo, 

Bi 

consider 

One knows that 



Vi{0) = 1, and Vi{y) <b V |y| < ^^(0)^, 



(25) 
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and Vi satisfies the same equation with g replaced by the rescaled metric g^^\ One 
would like to derive a bound of \Vvi\ on {y \ \y\ < P} for any fixed /3 > 1. 

Some time ago the author arrived at the following idea: Try to establish the estimate 
of \Vvi\ in two steps. 

Step 1. To establish, for solutions u of (20) for general (/, F), local gradient estimates 
which depend on an upper bound of both u and u~^. 

Step 2. To establish, for solutions u of (20) in Bi satisfying m(0) = 1, an estimate on 
Bs of from above, which depends on an upper bound of u. 

Once these two steps were achieved, the needed gradient bound for solutions {vi\ 
satisfying (25) would follow. The reason is that we know from Step 2 that Vi > a 
in Bs for some a,S > independent of i. Since —Lg(i)Vi > O where Lg(i) denotes the 
conformal Laplacian of g^'^\ and since g^'^^ tends to the Euchdean metric in Cig^{R^), 
we have, for any /3 > 2, 

Vi > on Bp \ Bs, 

where is the solution of 

Lg(i)^i = in Bp\ Bs, = a on dBs, = on dBp. 

Clearly, 

pn-2_sn-2 ' ^ j Uniformly in \ S,. 

This provides an upper bound of on B^, and the desired estimate follows from 
Step 1. 

Aobing Li and the author then started to implement this idea. Step 1 for locally 
conformally fiat manifolds was known to us, see Theorem C. We established Step 1 on 
general manifolds and for general (/, F): 

Theorem D ([18]) Let {M,g) be as above and let (/, T) satisfy (4), (5), (11)-(14). 
For a geodesic ball Bgr in M of radius 9r < |io; u be a positive solution of (20) 
in Bgr satisfying, for some positive constants < a < b < oo, 

a < u < b on Bg^- 

Then (22) holds, where C is some positive constant depending only on a, b, S, up- 
per bounds ofl/iQ, ||/i||ci(B9r) ^ bound of Rijki together with their first covariant 

derivatives. 

This result was extended to manifolds with boundary under prescribed mean curva- 
ture boundary conditions in [15]; see theorem 1.3 there. The proof of Theorem D uses 
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Bernstein-type arguments. The choice of the auxihary function in the proof is similar 
in spirit to that in [21] and [36]: Finding a (p which satisfies on a finite interval some 
second order ordinary differential inequalities (see (85)). If the differential inequalities 
(85) had a bounded solution on a half line (a, oo), then Theorem 1.3, without the 
assumption m > a > 0, would have been proved by the same method. However the 
differential inequalities do not have any bounded solution on any half line. 

The method the author had in mind for Step 2 was to obtain, via Bernstein- type 
arguments, a bound on |V$(u)| = |$'(u)Vii| for an appropriate For instance, 
|V(w")| < C for a < is weaker than |VlogM| < C, and it becomes weaker when a 
is smaller. On the other hand, an estimate of |V(m")| for any a < would yield an 
upper bound of u^^ near the origin. In principal, estimating |V('u")| for very negative 
a should be easier than estimating |VlogM|. However we encountered some difficulties 
in completing this step. 

The author then took another path which requires establishing appropriate Liouville 
theorems for general degenerate conformally invariant equations (15). What needed is 
to prove that any positive locally Lipschitz function u satisfying (15) in appropriate 
weak sense must be a constant. In [24, vl], a notion of weak solutions, tailored for the 
application to local gradient estimates, was introduced. Such Liouville theorem for 0}^^ 
weak solutions of (15) is established there. My first impression was that weakening the 
regularity assumption from C}^^ to C°J^ (locally Lipschitz) is perhaps a subtle borderline 
issue whose solution would require some new ideas beyond those used in [24, vl]. It 
turns out, to our surprise, that this only requires some modification of our proof of 
the Liouville theorem for 0}^^ weak solutions. The improvement. Theorem B, is given 
in [24, final]. Theorem B, together with Theorem C, is enough to answer Question A 
affirmatively; this can be seen in the proof of Theorem 1.3. 

With the help of the Jensen approximations (see [14] and [1]), we can further extend 
Theorem B for positive locally Lipschitz viscosity solutions. The theory of viscosity 
solutions for nonlinear partial differential equations was developed by Crandall and 
Lions in [7]. Its basic idea also appears in earher papers by Evans [8, 9]. 

Theorem 1.1 allows us to, using Theorem D, first establish a local Holder estimate of 
log-u instead of the local gradient estimate of log-u. With the Holder estimate of log-u, 
which yields the Harnack inequality of u, we then obtain the local gradient estimate of 
logM by another application of Theorem D. 

The following problem looks reasonable and worthwhile to the author: Using the 
Bernstein-type arguments to complete the above mentioned Step 2, without any con- 
cavity assumption on /, by choosing appropriate $. 

One important ingredient in our proof of Theorem 1.1 is a new proof of the clas- 
sical Liouville theorem (1) which uses only the following two properties of harmonic 
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functions. 

Conformal invariance of harmonic functions: For any harmonic function u, and for any 
Mobius transformation (/?, is harmonic. 

Comparison principle for harmonic functions on balls: Let B C M", n > 2, be the ball 
centered at the origin. Assume that u G Cf^J^B \ {0}) and v G C'^{B) satisfy 

Am = 0, -u > 0, in S \ {0}, = in 5, 

and 

u > V on 

Then 

in;B\{0}. 

It is easy to see from this proof of the Liouville theorem (1) that the following 
Comparison Principle is sufficient for a proof of Theorem 1.1. 

Proposition 1.1 Let fl C M", n > 3, be a bounded open set containing m points 
Sm := {Pi,---,Pm}, m > 0, V e C^'^iUX Sm), and w e C°'^{Q). Assume that w 
is a viscosity supersolution of A(^,„) & dV in D, \ Sm, v is a viscosity subsolution of 
X{Ay) & dr in fl \ Sm, and 

w > in Q, V > in D, \ Sm, w > v on 

Then 

inf {w-v)> 0. (26) 



Remark 1.10 The proposition was proved in [24] under stronger hypotheses: Instead 
of C^'^ super or sub viscosity solutions, they were assumed to be C°'^ super or sub weak 
solutions which include C^'^ super or sub solutions. 

Remark 1.11 Our equation \{Ayj) e dV , or (15), does not satisfy the usual require- 
ment on the dependence on w or u in literature on viscosity solutions. 

Remark 1.12 The proof of Proposition 1.1 form > 1, which makes use of the method 
developed in [20] (proof of theorem 1.3), [23] (theorem 1.6-1.10) and [24, final] (theorem 
1.6 and remark 1.8) in treating isolated singularities, is much more delicate than that 
for m — 0, Sq = ^. For m = 0, the conclusion of the above theorem still holds in 
dimension n = 2. On the other hand, the conclusion does not hold in dimension n — 2 
for r = Fi if m> 1. See the example below. 
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Example. Let w{x) = (1 + e)e~2^^^v(^x) = e^^^^'^^l \ e > 0. Clearly w E C°°{Bi), 
V G C°°{Bi \ {0}), w > V on dBi, and they are positive functions. Since xi is harmonic 
in Bi and is harmonic in Bi \ {0}, we know that wAw — \ Vw\^ = in Si and 

vAv - |Vwp = in 5i \ {0}, i.e. X{A^) e dVi in B^ and A(A„) e dV^ in Si \ {0}. 
However, infBj\{o}('"^ — v) < for small e. 

To prove Theorem 1.1, we only need Proposition 1.1 for m = 1 and with w e C'^'^(O) 
being a viscosity supersolution of A(A^) G (9r in fl. In fact we only need a weak 
comparison principle which assumes a priori w > v in Q\ {0}; see [27]. 

Theorem 1.4 For n > 3, let T satisfy (4) and (5), and let u be a positive locally 
Lipschitz viscosity solution of 

A(A") G dr in \ {0}. (27) 

Then 

u,,x{y)<u{y), V0< A< > A,y^O. (28) 

Consequently, u is radially symmetric about the origin and u'{r) < for almost all 
< r < oo. 

The result was proved in [24] under stronger hypotheses: Assuming it is a or a 
C^^ solution of (27). 

In the rest of the introduction we assume that {M,g), n > 3, is a smooth compact 
Riemannian manifold with nonempty smooth boundary dM. Let kg denote the mean 
curvature of dM with respect to the outer normal (a Euclidean ball has positive mean 

4 

curvature). For a conformal metric g = it is known that 

n-2 ( du n — 2 \ 

where Ug denotes the unit outer normal. We study 



= ^' G r on Oi \ 9M, 

-^^+^hgu^ri(x)u^, onOindM, 

where Oi is an open set of M, G C^(Oi) and rj G C^(Oi fl dM). 



(29) 



Theorem 1.5 Assume that {M,g) is a smooth compact n— dimensional, n > 3, Rie- 
mannian manifold with smooth boundary dM, and that (/, F) satisfy (4), ( 5), H )■ 
Let Oi be an open set of M and let u G C^(Oi) he a solution of (29). If 

<u <b onOi 
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for some constant h, then, for any open set O2 of M satisfying O2 C Oi, 

\V{\ogu)\g<C on02 (30) 

for some positive constant C depending only on n (/, T), {M,g), ip, rj, h, Oi and O2. 

RemEirk 1.13 When (/, F) satisfies a more restrictive condition (Hi) defined in [17], 
which includes all (cr^'''^, Fj.), estimate (30) was established in [15]. 

Remark 1.14 Replacing the function andrj in (29) respectively byi[i{-,u) andri{-,u) 
satisfying s^il^ix, s) G C^{Oi x (0, 00)) n L'^{Oi x (0, b))) and ri e C^{{Oi D dM) x 
(0, 00)) n n dM) X (0, b)) for all b>l, estimate (30) still holds. This is easy 

to see from the proof of the theorem. 

Let 

R" := {x = {x, x„) e R" I x' = (xi, ■ ■ ■ , x„_i), x„ > 0} 
denote the half Euchdean space, and let ^2+ C R"^ be an open set. We use notations 

d"n+ = dfi+ n Ri, d'n+ = dn+ \ d"n+. 

The following definition is standard. 
Definition 1.2 A function u e C°(f2+) is said to satisfy 

du 



dXr. 



< [resp. > 0] on d'n+ 



in the viscosity sense, if x E d'Q^, ip G C^(f2+) and u — ip has a local minimum [resp. 
local maximum] at x then 

^(x) <0 [resp. > 0]. (31) 

OXn 

Similarly we define 

du du 0/^4- 

— — < or — — > on il in the viscosity sense 

OXfi CfXfi 

by making the inequalities in (31) strict. 

We say that — Q on &Q^' in the viscosity sense if both < and ^ > on 
in the viscosity sense. 
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Theorem 1.6 Let T satisfy (4) and (5), and let u e C°'^(M!j:) he a positive viscosity 
solution of 

A(A") e dV in (32) 

satisfying, in the viscosity sense 

^ = on d^l. (33) 

OXn 

Then u = u(0) in I^. 

Theorem 1.1, Theorem 1.2 and Theorem 1.3 were announced in [26], and the proofs 
were given in [25]. The proof of Theorem 1.1 in this revised version of [25] is improved 
in presentation. 

The paper is organized as follows. In Section 2 we prove Proposition 1.1, Theorem 
1.1 and Theorem 1.4. In Section 3 we prove Theorem 1.2. In Section 4 we prove 
Theorem 1.3. In Section 5 we prove Theorem 1.6 and Theorem 1.5. In Appendix A we 
give, for reader's convenience, the proof of Theorem D. 

We end the introduction by a question related to Theorem 1.1. Let F satisfy (4) 
and (5), and let E e C°°(M" x IR+ x R") satisfy 

E{x, as, ap) = aE{x, s,p) \/ a, s > 0,x,p E M", 

and 

E{x,l,0) = Va;GR". 
Assume that w is a positive function in C°°(M'*) satisfying 

X{V^w + E{x,w,Vw)) e dr, VxGM". (34) 

Question 1.1 Under what additional hypothesis on E, the above imply that w = w{0) 
on M"? What if w has less regularity, e.g. in Cj^l{R"'), or a locally Lipschitz viscosity 
solution of (34)? 

We know from Theorem 1.1 and Remark 1.3 that for E{x,w,'Vw) = — I the 
answer is "yes" in dimension n > 3 and is "No" in dimension n — 2. What about 
E{x, w, Vw) = 6 ^'^^^ / for other constants 6? 
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2 Proof of Proposition 1.1, Theorem 1.1 and The- 
orem 1.4 

We first give 

A new proof of the clcissical Liouville theorem (1). For every x e R", and for 

every A > 0, let 

We know that u^^x = uon dBx{x), u e C^{Bx{x)), u^^x ^ C^{Bx{x)\{x}), u and u^^x > 
are positive harmonic functions in Bx{x) and Bx{x) \ {x} respectively. Note that we 
have used the conformal invariance of harmonic functions to obtain the harmonicity 
of Ux^x- By the comparison principle for harmonic functions on balls, Ux,x > m in 
Bx{x) \ {x} which is equivalent to Ux^x < u mR'^\ Bx{x). It follows that u = u{0); see 
e.g. lemma 11.2 in [28] or lemma A.l in [20]. 
Now we give 

The proof of Theorem 1.1 using Proposition 1.1. For every x e M", and for every 
A > 0, applying Proposition 1.1 to u and u^^x on Bx{x) yields u^^x > u in Bx{x) \ {x}. 
This implies u = u{0). 

Here is 

The proof of Theorem 1.4 using Proposition 1.1. For every a; G K" \ {0}, and for 
every < A < applying Proposition 1.1 to u and u^^x on B^^xi^) yields u^^x > u in 
Bx{x) \ {x, \x\~'^{\x\'^ — A^)a;}, i.e. (28) holds. It follows that u is radially symmetric 
about the origin and u'{r) < for almost all < r < oo; see e.g. [23]. 

In the rest of this section wc give the 
Proof of Proposition 1.1. We prove it by induction on the number of points m. We 
start from m = with 5*0 = 0. 

Step 1. Proposition 1.1 holds for m = 0. 

Because of Remark 1.2, we only need to show that w > v in Vt. We prove it by 
contradiction. Suppose the contrary, then, for some 7 > 0, 

max(i> — > 7, V — w < —7 on n \ O^, 

where Vt^ := {x & VL \ dist{x, dQ) > 7}. 

For small positive constants 0<e<<//<<5<<l which we specify later, let 

v{y) := v{y) + My), ip{y) := e'^y^\ (35) 
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v'^{y) := sup{'0(x) + e - -\x - yf}, 

w^{y) := inf {■u;(a;) — e H — \x — y\^}- 
xeci e 

V has been used in [24] . v*^ and are Jensen approximations whose useful properties 
can be found in theorem 1.5 and lemma 5.2 in [1]. We list below some properties which 
we need. 

and We are punctually second order differentiable a.e. in Q^, (36) 

V^v' > -^/, VV < in (37) 

For any x e Q-y, there exist x* — x*{x) and = x^{x) in Q such that 

v'{x) =v{x*) + e-^\x* -x\^, (38) 

We{x) = w{x^) — e + -\x^: — x\'^, (39) 

\x* - x\ + \x^- x\ <Ce, (40) 

|Vi)'| + |V«;,| < C in Q^, (41) 

where, and in the following, C denotes various positive constants independent of fi, d 
and e. The punctual second order differentiability is defined as in definition 1.4 in [1]. 
Properties (36)-(39) can be found in [1] which hold for continuous w and v. Property 
(40) follows from the proof of (5) in lemma 5.2 in [1] by using the Lipschitz regularity of 
w and V. Property (41) can easily be deduced as follows from (38)-(40) using again the 
Lipschitz regularity of w and v: For any y, z in Jl-y, we have, by (38) and the definition 
of v^, 

v'^iy) > v{y — z + z*) + e \z* — z\'^ = v{y — z + z*) — v{z*) + v''{z) 

> v'{z)-C\y- z\. 

This gives the bound of IV-O^I in (41). The bound of {Vw^l can be obtained similarly. 
Using the Lipschitz regularity of v and w, it is easy to deduce from (38)-(40) that 

l^^ — v\ + \we — w\ < Ce in Jl-y. 

Thus, for small e and /x, there exists 1 < < C such that 

— beWe < —7 in O \ fl^, 
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maxlv" — bfwA = e. 

Let := — beWe, and let r^+ denote the concave envelope of ^+ := max{^g, 0} on Q. 
By (37), 

Thus, by lemma 3.5 of [1], 

L r det(-V^r,.) > 0. 

It follows that the Lebesgue measure of {^^ = positive. By (36), there exists 

Xf: e {^e = } such that both v'' and are punctually second order differentiable at 
Xe- Clearly, for small e, Xe € ^^7, 

< Ux,) < e, (42) 
|V^.(.T,)| <Ce, (43) 

V^UXe) = V^v'iXe) - beV^WeiXe) < 0, (44) 
We{Xe + Z)> We(a^e) + "^W^ix^) ■ Z + l-Z*W'^WeiXe)z - o{\z\'^), (45) 

v\x^ + z)< v\x^ + Vv\x^ ■ z + \^z^V'^v\x^z + o{\zf), (46) 
By the definition of i)^, we have, with {x^* — {x^*{x) as in (38), 

1 

e 

and therefore, in view of (46) and (35), 

v{{x^Y^z) < ff{x, + z)-e + ^\{x,y-x,\^-fi^{{x,y + z) 
< Q,{z) + o{\z\'), 

where Qe{z) is the quadratic polynomial with 

g,(o) = v'{x,) - € + -j{x,y - - Mi^eT) = v'{xe) - Mi^eT) + o(e), 



v'{x, + z)> v{{x,y + z) + e- -|(x,)* - X, 



2 



Va(0) = Vi)^(x,)-/xV(^((x,)*), 
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where |0(e)| < Ce. 

By (38) and (35), Qe{0) = v{{x^)*). Since v is a viscosity subsolution of (7), we 
have 

A(AQ,(0))er. (47) 
For small < e « /j, « 5, we have, as in the proof of lemma 3.7 in [24], that 

b((x,)*) + 0(^)1 aS € a 

AqAO) < (1 - .J^^^^ '''l A.{x,) - ^Hix.T) + 0{- + ^W{x,)I. (48) 

Similarly, using (45) and the definition of We, we have 

w{{xe)^ + z) > We{xe + z) + e- ^\{Xe)* - > Peiz) - o(|2;|^), 
where Pe{z) is the quadratic polynomial with 

P,(0) = We{x,) + € - ^\{X,), - X,\^ = We{Xe) + 0(e), 

VPe(O) = Ww,{x,), V'P,(0) = W^w,{x,). 
By (39), Pe(0) = w{{x^)^,). Since w is a viscosity supersolution of (7), we have 

A(^pjo)) e \ r. (49) 

By (41), 

^p,(o) = [we{xe) + 0{€)]V^w,{x,) - ^\Vw,{x,)\''l = (1 + 0(e))A^,(x,) + 0(e). (50) 
By (44), 

By (42) and (43), 

Aw^{x^) 



V'^{Xe) 



- 1 1 < Ce, \Vv'{xe)-V (beWe) (x,) | < Ce. 
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It follows, in view of (41), 



Vv'{x,)\'-\Vihw,)ix,)\'\<Ce, 



and 

A^^ (x,) > ^^0^A,. {x,)-CeI. (51) 

By (50), (51) and (48), we have, after fixing some small < n « S, 

ApM > a{n, 5)Aq{Q) + 6(/x, 5)1 - C(/x, 5)el, 

where a{iJ,,S), b{ii,d) and C(/x, 5) are some positive constants independent of e. Now 
fix e > such that 6(//, 6) — C(//, 5)e > 0, we deduce from (47), using the properties of 
r, that X{ApXO)) e r. This violates (49). Step 1 is estabhshed. 

Step 2. Proposition 1.1 holds for m if it holds for m — 1. 

Now we assume that the proposition holds for m — 1 points, m — 1 > 0, and we will 
prove that it holds for m points. We prove (26) by contradiction. Suppose it does not 
hold, then 

inf {w — v) < 0. 

By Shrinking fl slightly, and working with the smaller one, we may assume without 
loss of generality that w is C°'^ in some open neighborhood of fl. Let 



Then 



n-2 71-2 

u :— V 2 and c, '■= w 2 . 



inf {u — ^) < 0, u > ^ on 



u is a viscosity supersolution of 

A(A") edr in Q \ Sm, (52) 

and ^ is a viscosity subsolution of 

X{A^) e dr in a 

For a positive function ip, A'^{xo) G T implies Aip{xo) < 0. So by the definition 
of u being a viscosity supersolution of (52), 

Au < in fl\ Sm in the viscosity sense. 
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It follows, using also the positivity of u, that 



Thus, for some < a < 1, 



inf u > inf u > 0. 

n\Sm da 



inf {u — a^) = 0. 



Since we can use a instead of u, we may assume without loss of generality that 
a — 1. So we have, in addition, 

inf (m - = 0. 

Let Pjn be the origin, and let 

fl :— fl \ Sm-l, Sjn-l '■= {Pi, • • • , Pm-l}- 

Lemma 2.1 There exists e > such that u — ^ — ^{0) in B^\ {0}. 
Proof of Lemma 2.1. We first claim that 

liminf(ii-O(y) = 0. (53) 

Indeed if (53) did not hold, there would be some e > such that inf (u — E) > i.e. 

^ ^ Be\{oy 

inf (w -v) > 0. (54) 
Be\{oy ' ^ ' 

Since the singular set oiv m.VL\B^ is 5*^-1 which contains only m — 1 points, we have, 
by the induction hypothesis, 

inf iw — v)> 0. 

This and (54) violate (53). 
Now let 

$(C,x,A;y) := AC(x + y). 

Since $(^, 0, 1; ■) = ^ and u > ^ on 9Q, we can fix some 64 > so that \x\ < €4 and 
|A — 1| < £4 guarantee 

u>^^,x,X;-) ondQ. (55) 
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For such X and A, if we assume both 

jnf [ii-$(e,x,A;-)] = (56) 

n\{o} 

and 

limM[u{y)-m,x,X;y)] > 0, 
\y\-*o 

we would have, for some e, e' > 0, 

u{y)-^^,x,X;y)>e', V < ||/| < e. (57) 

Let ^ 

u{y) := ju{y), i{y) := ^{x + y). 

We know from (55) and (57) that u > ^ on d{Q \ B^) i.e. v < X~^^w{x + ■) on 

2 

d{yL\B^). Since A~^w(a; + ■) is still a viscosity supersolution of (7), while the singular 
set of in Q \ is -S"^-! which contains only m — 1 points, we have, by the induction 
hypothesis. 



^nf 

{Q\B^)\Sm-l 



A n-^w{x + 



> 



I.e. 

J.nf [7/-$(e,x,A;-)]>0. 

{n\B,)\S^-i 

This and (57) violate (56). Impossible. We have proved that (56) implies 

liminf Ky) -$(C,x,A;y)] =0. 

Therefore we can apply theorem 1.6 in [24] to obtain, in view of (53), u — ^ = ^(0) 
near the origin. Lemma 2.1 is established. 

Because of Lemma 2.1, 

v^w^ ^(0) in (58) 

and therefore f is a viscosity solution of \{A^) G F in B^. Thus v G C^^{yL\Sra-i) is a 
viscosity subsolution of \{Ay) G 9F in O \ Sm-i- By the induction hypothesis, we have 

inf {w — v) > 0. 

This violates (58). Impossible. Step 2 is established. We have therefore proved Propo- 
sition 1.1. 
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3 Proof of Theorem 1.2 

Proof of Theorem 1.2. Suppose the contrary of (22), then in B2, the baU in 

of radius 2 and centered at the origin, there exists a sequence of functions {uj}, 
functions {hi} and n x n symmetric positive definite matrix functions (a|^(x)) 
satisfying, for some a > 0, 

rier < «fS(^)e'r < a|er, V X e S2, e e K", (59) 

CI 

ll«Zml|c4(B2)> ||^i||c2(B2) < a> 

< lij < a on S2, (60) 

and, for the Riemannian metric 

Qi := a\ll{x)dx''dx"\ (61) 
f(X{A -4^ )) = /li, A(A ) e r, in B2, (62) 
sup I V log Mil — >• 00. 

It follows, for some Xi e Bi, that 

(1 - \xi\)\V log Ui{xi)\ = max(l - \x\)\V logUi{x)\ 00, 

l^l<i 



where \x\ := •\/Er=i(a^/)^- Let ai := (1 - |xi|)/2 and := (2| VlogMi(xi)|)-^ Then 

— ^00, 2\V \ogUi{xi)\ > \W logUi{x)\, \/ \x — Xi\ < ai. (63) 

Consider ^ 

Vi{y) , . Ui{xi + €iy), \y\<—- (64) 

Then Vi{0) — 1 and, by (63) and the definition of e^, 

\VlogVi{y)\ < 2|Vlog^;i(0)| = 1, V \y\ < -. (65) 

Thus for any (3 > 1 there exists some positive constant C{(3), independent of i, such 
that 

^ < v,{y) < C{f3) V \y\ < p. (66) 
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For = ai^{xi + eiy)dy^dy"', -fi := Ui{xi) ^-^e^ ^ oo, and x = Xi + Ciy, 

, J) = /(A(A 4 )) = h,, \y\ < ^. (67) 

By the proof of (1.39) in [17], apphed to /(7j-), we have, for a possibly larger C(/3), 

\V\{y)\<C{P) y\y\<p. (68) 



Passing to a subsequence, — > w in C;„'"(R") for all < q; < 1, where is a positive 
function in C/o](lR") satisfying |Vf (0)| = |. In particular, v can not be a constant. 
By (66), (65) and (68), \\{A 4 ,.J| < C(/?) V \y\ < (3. This and (67) imply, 

in view of (13) and (23), that limj^oo/(A(A 4 ,,)) = 0. Therefore v is a Ch] 

solution of /{Xi^A")) = in R". By theorem 1.3 in [24], v is identically a constant. A 
contradiction. Theorem 1.2 is established. 

It is easy to see from the proof that in Remark 1.6 assumption (24) can be replaced 
by the following weaker one: 



inf flAI^-^^ 

A6r,|A|>i V 



/Ai(A) > 5, for some 5 > 0. 



4 Proof of Theorem 1.3 

In this section we prove Theorem 1.3. We first introduce some notations. Let be a 
locally Lipschitz function in some open subset Q of M". For 0<a<l, xeQ and 
< 5 < dist{x, do,) , let 



[v]a,s{x) := sup 



\v{y) -v{x)\ 



0<\y-x\<S \y-X 



a 



5{V X-Q, a]-^\ [v\a4ist{x,dil)i.^) < 1' 

\ IJi ^h.eieQ < ji < dist{x,dVt),ij°'[v\a,f,{x) = I \i [v]a4ist{x,dn)>^- 

Proof of Theorem 1.3. Before establishing the gradient estimate of logw, we first 
prove the following Holder estimates: 

sup U^g^K^W^^M < c(a), VO<a<l. (69) 

|2/|,|x|<r-,|2/-a;|<2r- \y — Xy^ 
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Suppose the contrary of (69), then for some < « < 1, there exist, in B2, C^' functions 
{ui}, functions {hi} and n x n symmetric positive definite matrix functions 
{a\ll{x)), satisfying, for some a > 0, (59), (60) and 

l|a£llc3(B2)> ll^i||ci(B2) < a> 
and (62) holds with gi given by (61), but 

inf S{logUi, x) 0, 
xeBi 

where 

S{logUi,x) := 6{logUi,x;B2,a). 
It follows, for some Xi & Bi, 

1 - \.v,\ 1 - |,rl 

max — — >• 00. 



5{\ogUi,Xi) \x\<i 5{\ogUi,x) 

Let 



— 2^' ' 5(logMi,a;i). (70) 

Then 

— ^ 00, ei ^0, (71) 

and 

ej < 25(log'Uj, z) y \z- Xi\ < 0^. (72) 

Let Vi be defined as in (64) with the new above. By the definition of (5(log Wj, Xj), 

[logt;J«,i(0) = [logMj«,e,(a;j) = 5(logMi, Xi)"[logMi]a,5(iog«„x,)(a^i) = 1- 

For any /9 > 1 and < we have, in view of (71), (72) and the triangle inequality, 
that for large i. 



\ogUi{z) - \ogUi{xi + eix) 
'2' 



< I \ogUi{z) - \ogUi{^{z + + €iX)) \ + I \ogUi{^{z + + €iX)) - \ogUi{Xi + €iX)\, 



\z - {xi + eix)\ = 2\z - ^{z + Xi + eix)\ = 2|^(2; + Xi + e^x) - (xj + ejx)]. 
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[logVi]a,l{x) = 6^ [log Ui\a,ei{Xi + eiX) 



< 2-"e° 



sup [log W4 a (z) + [log Uil^ e^ (Xi + SiX) 

Xi+eix)\<ei ) 



< C{(3)i sup S{\ogUi,z)"[\ogUi]a,S{logUi,z)(z) 

V \z-{xi+eix)\<ei 

+6(logUi,Xi + eix)°'[logUi\a,s{iogui,xi+eix}ixi + e^a;)^ < C(/5). 

This implies (66) for any /3 > 1. By Theorem D, we have, for any /3 > 1, 

\Vvi{y)\<C{P) V|y|</3. 

Passing to a subsequence, 

Vi^v in C,'^p(M") for all q; < 7 < 1, 

where v is a, positive function in C;°'](R") satisfying [logt;]Q,,i(0) — 1. In particular, v 
can not be a constant. 

Clearly, (67) holds with the new given in (70). Thus, by (14) and (67), 



hm / A A 4,1=0. 
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It is easy to see that w := v~'^ is a positive locally Lipschitz viscosity solution of 
A(y4u,) G dr in R". By Theorem 1.1, v is a constant. A contradiction. The Holder 
estimate (69) is established. 

Now we establish the gradient estimate (22) based on the Holder estimates. The 
Holder estimate (69) yields the Harnack inequality: 

sup < C inf u. 

B2r ^2r 

Consider 

1 

w := , , u. 
u{0) 

The equation of w on B^r is 

and w satisfies ^ 

— < w < C in B2r- 

Since u{0) is bounded from above, we have, using Theorem D, that 

|Vm| <C in Br. 

Theorem 1.3 is established. 
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5 Proof of Theorem 1.6 and Theorem 1.5 

Proposition 5.1 Let m+ G C^'^(B'^) and u~ e C"^'-^(-Bf ) be two positive function 
satisfying u'^ — u~ on d'Bi. We assume that 

u'^ is a viscosity supersolution (subsolution) o/A(A"^) e dV in (73) 

— < (>) on d'B^ in the viscosity sense, (74) 
u~ is a viscosity supersolution (subsolution) of \{A^ ) ^ dV in Bf (75) 
-Q — > (<) on &B^ in the viscosity sense. (76) 

Then 

U^{x',Xn) ifXn>0, 



U {x',Xn) ifXn<0 



UyX , Xji j .- 

is a C°'^ viscosity supersolution (subsolution) o/A(A") G dT in Bi. 

A consequence of Proposition 1.1 and Proposition 5.1 is 

Corollary 5.1 Let VL^ C M![: be a bounded open set. Form points Sm '■= {Pi, ■ ■ ■ , Pm} C 
n+ U m>0, letue C°'^{Tt+\Sm) and v e C°'^{U+) be positive functions. As- 

sume that 

u is a viscosity supersolution of A(>1") e dT in O"*" \ 5"^, 

V is a viscosity subsolution of XlA") e dT in Q"*", 

du ^ dv r^/r^_i_ . , 

< < 7" — on o m the viscosity sense, 



dx^ dXfi 



Then 



u>v on d"n+. 



Jnf {u-v)> 0. (77) 

n+\Sm 



Proof of Corollary 5.1 using Proposition 1.1 and Proposition 5.1. Let u' = u, 

U'{x', Xn) := U{x', -Xn), f + := V, V'{x', Xn) ■= v{x' , -Xn), 

-/ / \ - \ U+{x',Xn) if Xn > 0, 

Hx,Xr,). < ifa:„<0 
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and 

v{x',Xn) :-- 



V^{x',Xn) iiXn>0, 
V~{x', Xn) if X„ < 



An application of Proposition 1.1 to v and u~rr^, in view of Proposition 5.1 and 
Remark 1.1, yields (77). 

Proof of Proposition 5.1. We first prove the proposition under, instead of (74) and 
(76), 

— — < on &Bf and — — > on in the viscosity sense. (78) 

OXyi OXfi 

Let X e Bi, ip e C^(i?i), u{x) = ip{x) and, for some < 5 < 1 — u{x) > '4>{x) for 
all |x — x| < 5. We need to show that 

KA'^ix)) G R"\r. 

If X does not belong to d'Bf , this is obvious because of (73) and (75). So we only need 
to show that x does not belong to & Bi . Indeed, if a; G d'B^, then, since Xn = 0, 

u'^{x) — u~{x) — ip{x), u'^,u~ > ip near x. 

Thus, by (78), 

|^(.,<0,and^(.)>0. 

A contradiction. 

Now we prove the proposition under (74) and (76). We will only give the proof 
when and u~ are viscosity supersolutions, since the proof is essentially the same 
when they are subsolutions. We start with a first variation of the operator together 
with the Neumann boundary condition. 

Lemma 5.1 Let C K" &e a bounded open set, w G C^(Q+) nC^(Q+U9'Q+) satisfy, 
for some constant ci > 0, 

w > ci in fl'^ 

and let 

Then there exists some constant 6 > 0, depending only on sup{|a;| | x G fl^}, and 
there exists e > 0, depending only on 5,ci and sup{|x| | x G ^^}, such that for any 
< e<e, 

Aw+ev>^ > I 1 + I + ^V^wl in 
V w I 2 
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w J 

d , dw 



{w + e(p^) ^-^±eS on d'fl+, 
^ -(w — e(/7^) = ^ e5 on d'il'^, 



Proof. It is very similar to that of lemma 3.7 in [24], we omit the details. 
Let be the supersolution in Proposition 5.1, set 

e+ := 4+:=^+ + e^+, ;= (^+)-^. 

We will prove that 

is a viscosity supersolution of A(A"^) e dV in , (79) 

and 

— < on in the viscosity sense. (80) 

2 

Let X e Bi ^ ijj e C'^(B^), u^(x) = i/j{x) and u^>il) near a;. Then, with rj := 
^"^ = 77 — ef/?"*" at X and < 77 — ec/?"'' near x. 
By Remark 1.1, ^+ is a viscosity subsolution of X{A^+) e 9r, and therefore 

A(A^_,^+(x)) eP 

By Lemma 5.1, 

A^_^^+{x) < {x)A^{x) 

which implies, for small e, 

A^(x) = A^(x) e r. 

We have proved (79). To prove (80), let x e d'Bt, ^ e C\Bf), u+{x) = '0(^) and 
Ue>ip near x. It follows that 



u 



n~2 , n— 2 



^ n-2 _ ^ at a; and > ip "-2 — e(/3 



^ near x. 
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Since ^r— < on d'Bi in the viscosity sense, we have 



> 



dXr. 



2 



"-2 — e^? 



n — 2 
2 



dip , \^ , n — 2 2 I 2\ 



dx 



n 



So, for small e, wc have ■§^{x) < 0. We have proved (80). 
Similarly we set for u" 



n-2 
2 



and can prove 

u~ is a viscosity supersolution of XIA^" ) e in B^, 

and 

— > on in the viscosity sense. (81) 

OXfi 

It is clear that = u~ on dB^ . 

Since we now have the strict inequalities (80) and (81), 



uj^x , x^) .- 



u^{x',Xn) ifa;„>0, 
u~{x',Xn) if x„ < 



is a viscosity supersolutions of A(A"") G in Bi. Since -u^ — * -u in (^^^^(-Bi), we have, 
by standard arguments, S is a viscosity supersolution of \{A^) e dV in Bi. Proposition 
5.1 is established. 

Proof of Theorem 1.6. By Proposition 5.1, 

r,(^> ^ \ — \ <x'^Xn) iiXn > 0, 
^ ' "^-"1 U{x',-Xn) ifx„<0 

satisfies the hypothesis of Theorem 1.1 and therefore is a constant. 

Proof of Theorem 1.5. The proof is similar to that of Theorem 1.3. Let O3 be an 

open set of M satisfying O3 C O3 C O3 C Oi. We first estabhsh 

l'°g"W-'°g;WI <CM, V0<«<1. (82) 

y,x€03,dist(y,x)<2r alSl[y,X) 

Suppose the contrary of (82), then for some < a < 1, there exist, in B2 C R", 
functions {ui}, functions {ipi} and {?7i}, and n x n symmetric positive definite 
matrix functions (aj^(a;)), satisfying, for some a > 0, (59) and (60) in B^, and 

lkUllc3(B+)' ll'V'i|lci(B+)' ll'7i|lci(B+) — ^' 
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f f{X{A 4 )) = iji, X{A 4 ) e r on B+, 

where Qi is given by (61), but 

inf ^(logtij, x) —>■ 0, 

where 

6{logu,,x) := 6{logUi,x;B^,a). 
It follows, for some Xi e U d'Bi, 

1 — 1 — 



max — — > oo. 



5(log'Ui,Xj) ^^-^ 6 {log Ui, x) 
Let CTj and be defined as in (70). Then they satisfy (71) and 

ei < 25{\ogUi, z) y ze B^.{xi) n S+. 
Let ^ ^ 

'"ii.y) ■= — ^«i(a;i + ^iV): \y\ <—,yn> -Ti -.= {Xi)n. 

After passing to a subsequence, either hmj_>oo(— ?!) = —T > — oo or \imi^^{—Ti) — 
— oo. Following, with obvious modification, the arguments in the proof of Theorem 
1.3, we see, passing to another subsequence, that either 

Vi{- + iO',-Ti))^v inC^Jl^) forallO<7<l, 

for some positive locally Lipschitz viscosity solution v of (32) and (33) satisfying 
[logt;]«,i(0',r) = l, or 

Vi^v in C7„,(i?") for all < 7 < 1, 

for some positive locally Lipschitz viscosity solution of XiA") e dV in R" satisfying 
[logi']o!,i(0) = 1. By our Liouville theorems I) must be a constant. But [logi']Q,^i(0', T) = 
1 or [log v] a, 1(0) = 1 does not allow to be a constant. A contradiction. Theorem 1.5 
is estabhshed. 



32 



6 Appendix A 

We give in this appendix the proof of Theorem D in [18]. For simphcity we present the 
proof on locally conformally flat manifolds. Namely we give another proof of Theorem 
C, which can easily be extended to general Riemannian manifolds. 
Another proof of Theorem C. We write v = — ^^logti. Then v satisfies, with 
a = -;^log6 and p = -^loga, 

f{X{W)) = h, X{W)eT, inBs, (83) 

and 

a < V < (3 on B^, 

where 



2 



W := (Wij) = e^\vij + ViVj - ^^^ij). 

We only need to prove, for some constant C depending on a, /? and (/, F),, that 

\Vv\ <C on Si. (84) 

Fixing some small constants e, Ci > 0, depending only on a and /3, such that the 
function 0(s) := ee~^* satisfies 

-^0'>ci, 0" + 0' - (00' > 0, on[a,/3]. (85) 

Let p > be a smooth function taking value 1 in Bi and outside B2. It is known 
that p satisfies |Vpp < Ci. Consider 

Estimate (84) is established if we can show that G < C on B2. Let G{xq) — m_axG' 

B2 

for some xq G B2. Clearly xq G B2. After a rotation of the axis if necessary, we 
may assume that W{xq) is a diagonal matrix. In the following, we use subscripts of a 
function to denote derivatives. For example, Gi — dxiG, Gij — dxiXjG, and so on. We 
also use the notation f* := 

Applying d^^. to (83) leads to 

fWuk = 0. (86) 

By calculation, 

Gi = 2pe'^VkiVk + p(j)'e'''\VvW + e'''\Vv\'^pi 

= 2pe'^VkiVk + {(f>'vi + ^)G 

P 
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At xq, we have Gi = 0. Equivalent ly, we have 

2vkiVk^ -(l)'\VvW- ^\Vv\'^, yi<i<n. (87) 

Take the second covariant derivative of G and evaluate at Xq, 



p2 

therefore, at Xq, 

> e-'^f G,, 

= '^pfviikVk + '^pfvli + 2p(j)'fvkiVkVi + 2PvkiVkPi 

+fi^"v^ + ^'v,,+ PP^)p\Wv\' 

= 2pfvk{e-'^Wu - vl + + 2pfvl 

-p4^r{\Vv\'4^vl + ^!^) - f (I V^l + + V^l VX^ 

+P0 Vv / (e P^ii - H —On) + Vw / 

2 p 

P 2 

-l|V.r^} + 2pf.^, 
2 p 

-P0'f (I v^l V'^.^ + - f (I v^i V'^. + + v^i VX^ 

2 p 

i 

-20'| Vt;| VVi^^^ + pe-2>'| Vt;| V 

+ 1 V^rr ^^^^^ + 2|V^|VX^.} + Ipfvl 

-\p<i>VA'Y.r + (0" + 0' - (0')')p|v^r/\' 



(88) 
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In the following, we use C2 to denote some positive constant depending only on a, 
(3 and (/, T) which may vary from line to line. By (85), we derive from (88) that 

0>e-'^rGu > {-C2y/p\Vv\'-C2\Wv\^ + 2c,p\Wv\^)Y,f 

i 

= \Vv\\-C2^p\Vv\^ -C2 + cM'^v\^)Y,f\ 

i 

which implies p\S/v\'^{xq) < C2, so is G{xq). Estimate (84) is established. 
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